A general inhomogeneous Burgers equation describing finite-amplitude standing waves in resonators terminated by a general impedance is derived. This model equation can be used for modeling of nonlinear acoustic processes connected with some methods for enhancement of Q-factor of acoustic resonators. One of them is the method based on using a second-harmonics absorber. For better understanding of this method, it is convenient to know at least an approximate analytical solution of the model equation. This work presents some approximate solutions, which improve and extend the solutions that have been published previously. The solutions are compared with results obtained by numerical integration of the corresponding equations.
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I. INTRODUCTION
During the last two decades, we have been able to observe an increasing interest in the problems of nonlinear standing waves in fluid-filled resonators. This interest is caused by possibilities of using nonlinear acoustic waves for various practical purposes. There are a lot of methods which enable us to control frequency spectrum of the nonlinear standing waves. Most of the methods are focused on suppressing generation of higher harmonics for the purpose of acoustic energy accumulation in the first harmonic component. This method of control enables us to decrease an influence of nonlinear attenuation and to achieve very high amplitudes of nonlinear standing waves in the resonators, which leads to an enhancement of their Q-factor. The method called resonant macrosonic synthesis 1, 2 (RMS) belongs among them. The RMS method uses the fact that the eigenfrequencies of the resonators are not equidistant; it means that higher eigen-frequencies are not integer multiples of the fundamental one. In these resonators, higher harmonics of the nonlinear standing wave do not coincide with higher eigenfrequencies. As a result, the higher harmonics are suppressed, thus, a shock front formation is prevented. Another method is based on two-frequency excitation of nonlinear acoustic field in a cylindrical resonator; see, e.g., Refs. 3 and 4. This method utilizes a parametric excitation of the first harmonics through the second one. The parametric excitation causes energy flow from the second harmonics, particularly, toward the first one. Amount and direction of the energy flow is controlled by both the phase difference between driving frequencies and the amplitude ratio of velocities of a driving piston. Another method uses a selective absorber in the cylindrical resonator. 5 The absorber attenuates the second harmonics, which develops in the course of cascade processes as a result of nonlinear interactions. The total suppression of the second harmonics brings about an interruption of the cascade processes and the acoustic energy is accumulated in the first harmonics. The method which uses a geometric nonlinearity caused by a boundary mobility 6 also belongs to the methods suppressing the generation of higher harmonics. In Ref. 6 , it is shown that a boundary nonlinearity leads to a distortion of the temporal profile of the standing wave and to the generation of higher harmonics in the process of the development of steady-state oscillations. If a suitable displacement function of the driving piston is chosen, it is possible to enhance the Q-factor of the cylindrical resonator. Another method is described in Ref. 7 . This method is based on an implementation of one of the acoustic resonator boundaries having a frequency-dependent impedance. It means that each reflection from this boundary introduces phase shifts between different harmonics destroying the shock front.
It is possible to combine some of the above-mentioned methods or supplement them with dispersion effects or multi-frequency excitation. Understanding nonlinear wave processes and assessment of their impact represents quite a complex problem. For this reason, it is useful to know approximate solutions of the model equations describing the mentioned methods. In Ref. 5 , the approximate solution of a modified inhomogeneous Burgers equation, which models the method based on the selective absorption, was presented. However, this approximate solution is rather inaccurate and, in addition, it is limited only to the case of perfect fluids.
In this work, we have derived a relatively general model equation which enables us to describe finite-amplitude standing waves in a cylindrical resonator for three of the mentioned methods that suppress the higher harmonics generation. The derivation is presented in Sec. II. One advantage of Burgers-like equations is the possibility of finding their approximate solutions for configurations which are interesting both from theoretical and practical points of view. In Sec. III, we present new approximate solutions of the modified inhomogeneous Burgers equation modeling finiteamplitude standing waves in a resonator terminated by a second-harmonics absorber and filled with an inviscid nonheat-conducting (perfect) fluid. In Sec. IV, these approximate solutions are generalized for thermo-viscous fluids. The penultimate section is devoted to comparing the analytical solutions with numerical ones and achieved results are summarized in Sec. V.
II. DERIVATION OF THE MODEL EQUATION
Using the basic equations of fluid-mechanics, namely, the Navier-Stokes equation of motion, the heat transfer equation, the equation of state, 8, 9 and the continuity equation comprising the boundary layer effects, 10, 11 we can derive in the second approximation the following one-dimensional modified Kuznetsov's equation, 11, 12 for the velocity potential u,
where x is the spatial coordinate along the resonator axis, t is the time, c 0 is the small-signal sound speed, q 0 is the ambient density of the fluid, b ¼ f þ 4g=3þKð1=c V À 1=c p Þ is the coefficient of sound diffusivity, K is the coefficient of heat conductivity, f and g are the coefficients of bulk and shear viscosity, b is the coefficient of nonlinearity, B is the boundary-layer parameter
where is the kinematic viscosity, r 0 is the resonator inner radius, and Pr ¼ q 0 c p =K is the Prandtl number, c ¼ c p =c V is the ratio of specific heats (c p and c V are the specific heats under constant pressure and volume, respectively). In the following text, we consider that bx=ðq 0 c 2 0 Þ $ B= ffiffiffi ffi x p $ j@u=@xj=c 0 $ l, where l ( 1 is a small scaling parameter, x is a characteristic angular frequency, and v ¼ @u=@x is an acoustic velocity. In the second-order nonlinear theory, it is possible to describe the acoustic field in resonators as a superposition of two counter-propagating plane nonlinear waves and to neglect their mutual interaction in the case of not-too-strong fields. 13 The counter-propagating waves are coupled only by conditions on the side-walls of the resonators. In the frame of the second approximation, we can also neglect the fact that the exciting side-wall (piston) moves. Using the method of multiple scales and the above-mentioned assumptions, we can derive from the Kuznetsov's equation (1) the following model equations, 4, [13] [14] [15] for the counterpropagating waves
where s 6 ¼ t7x=c 0 is the retarded time, and v 6 is an acoustic velocity of the traveling waves, the sign "6" is connected with the traveling wave which propagates in the positive/ negative direction of the x-axis. All terms in Eqs. (3) and (4) are of the second order ($l 2 ), thus, x and t have to represent "slow" variables, whereas s 6 ¼ t7x=c 0 are "fast" variables, i.e., the retarded times contain, on the contrary, "fast" variables x and t.
On the basis of the solutions of Eqs. (3) and (4), we can write an acoustic velocity of the standing wave as
The angular eigen-frequencies (resonant angular frequencies) of resonators with rigid end caps filled with a perfect fluid are given by the following expression:
where L is the length of the resonator. If we consider the harmonic excitation of the standing waves with a piston at the position x ¼ 0 (see Fig. 1 ), we can express the boundary conditions as follows:
and we assume that
where f is otherwise an arbitrary function with the period T ¼ 2p=x representing a velocity of boundary (piston) vibrations,TrðxÞ is a frequency-dependent transmission coefficient
whereẐðxÞ represents a general impedance, andv þ ðxÞ is a Fourier spectrum of the incident wave at x ¼ L,
FIG. 1. Resonator with a general impedance.
We can seek a solution of the system of Eqs. (3) and (4) with the boundary conditions (7) and (8) and initial conditions v þ ðt ¼ 0Þ ¼ v À ðt ¼ 0Þ ¼ 0 by means of the successiveapproximation method. 16 We assume that
If we take into account only the first two terms of the series (12) and the relation (5), we can write
As the piston velocity amplitude is of the second order, then the boundary condition in the first approximation is equal to zero at x ¼ 0, i.e.,
The first-approximation equations have the following form:
The solution of Eqs. (15) can be written as
where v is an unknown function that must be determined using the boundary condition at x ¼ L [Eq. (8)]; see the following text. It is evident that the solution (16) satisfies the condition (14) .
From Eqs. (3) and (4), we can write the secondapproximation equations
Integrating Eq. (17) we obtain
where C 6 are integration "constants" which have to be determined on the basis of the boundary condition (7), i.e.,
Considering Eqs. (18) and (19), we can write
Employing the equality (13) and the condition (9), we can rewrite the boundary condition (8) into the following form:
rðxÞ vðxÞ expðÀjxsÞdx;
and
Requiring satisfaction of the condition at x ¼ L, we can obtain an equation for the quasi-periodic function, v.
When we assume the perfectly rigid wall (Tr ¼ 0) and that the frequency, x, of vibrations of the boundary at x ¼ 0 differs slightly from the eigen-frequency, x n , given by Eq. (6) (x % x n ), then we can write
where 2L=c 0 ¼ 2pn=x n , 2pn=x ¼ nT, and
On the basis of the Taylor series expansion for x ¼ L, we can obtain
Substituting into the relation (21) from expressions (18) and (26) 
From the relation (26) we can write vðt; sÞ ¼ vðt; sÞ þ Oðl 2 Þ:
Considering all terms between brackets in the relation (27) are of the second order ($l 2 ), then on the basis of the relation (28), we can replace all functions vðt; sÞ by the functions vðt; sÞ. This substitution does not change the order of the supposed approximation. After this manipulation, we obtain the following equation: 
where TrðsÞ represents the kernel function. On the basis of this result, it is possible to rewrite Eq. (29),
For better clarity, it is convenient to express this equation in the dimensionless form
where
where v m is a characteristic velocity. Equation (31) enables us to model a relatively broad range of cases which are interesting from both the theoretical and practical points of view. Although this equation is relatively complex, its advantage is that it can be easily solved numerically and it is possible to derive a number of its approximate analytical solutions for the analysis of nonlinear acoustic processes.
Solving Eq. (31), we obtain a function, vðt; sÞ. If we replace s by s 6 in this function, we get functions v 0 6 ¼ vðt; s 6 Þ which allow us to write the solution for a standing wave in the first approximation as v 0 ðx; tÞ ¼ vðt; s þ Þ À vðt; s À Þ.
III. RESONATOR TERMINATED BY THE SECOND-HARMONICS ABSORBER
Let us assume an ideal case when the general impedance termination represents a selective absorber which partly transmits the frequency, 2x, and perfectly reflects all other frequencies from the resonator end. In this case, the selective absorber makes the second-harmonics generation weak and, therefore, reduces the cascade of the nonlinear transfer of energy upward over the spectrum. 
where a ¼ c 0 a 0 2 =ð2LÞ is a selective-absorption coefficient and b 2 ðtÞ is the amplitude of the second harmonics
Equation (36) can be also used for the second-harmonics absorber, which is realized by introducing resonant scatterers to the medium 5 (e.g., gas bubbles to a liquid). In this case, the above presented restriction for a 0 2 does not apply.
We can express this equation in the dimensionless form
On the basis of numerical solutions of Eq. (38), we can see in Fig. 2 that the second-harmonics absorber makes the second-harmonics generation weak with dependency on the parameter, D. This results in reducing the cascade processes, which causes an increase of the first-harmonics amplitude.
A. Approximate solutions of the model equation (38)
Assuming nonlinear effects to be dominant (i.e., C ) 
where q 0 is an integration constant. The relation (41) can be modified as follows:
where q ! 0 is a constant.
As the steady state solution is periodic, it obeys the conditions
To accomplish the conditions (43), it is necessary to put q ¼ 0.
The mean value of V is assumed to be zero
The condition (44) is satisfied when the shock position h s ¼ 0 for the time interval hÀp; pi. In this case, the solution (42) can be modified into the form
where signðhÞ is the signum function. The position of the maximum value of the function (45) is for DB 2 > 0:5 at
The maximum value of the function (45) is given as
The position of the maximum value h max is approaching p=2 with increasing value of DB 2 .
To complete the solution (45), it is necessary to find the second-harmonics amplitude B 2 , 
Equation (48) represents a transcendent equation which must be solved numerically. We can considerably simplify Eq. (48) if the product of the selective-absorption coefficient, D, and the amplitude of the second-harmonics, B 2 , is sufficiently large/small. 1. Case DB 2 ) 1: Although with the increasing parameter, D, the second-harmonics amplitude decreases, as seen from Fig. 2 , dependency of the product DB 2 on the parameter, D, represents a nonlinearly increasing function, which is apparent from Fig. 3 .
We assume that the relation DB 2 ) 1 and the condition (9) is satisfied.
First, we simplify the argument of the function arcsine in the relation (48), ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Further, for the simplified argument we can write the following expansion:
After substituting the expansion (50) into Eq. (48), we keep only the three dominant terms
Ignoring the last term in this equality would lead to the same result as was published in Ref. 5 , i.e.,
We modify Eq. (51) into the form
To find an analytical solution of Eq. (53), we replace the terms in the parenthesis by the following square root:
Substituting the square root (54) into Eq. (53) and squaring the equation, we obtain the following cubic equation:
This equation can be solved analytically; its only real solution is given as
2. Case 0 DB 2 ( 1: In this case, we can simplify the relation (45) into the form
For the wanted second-harmonics amplitude, we can write From this equality, we obtain
B. Solution taking into account thermo-viscous losses
The solution (45) can be generalized for thermo-viscous fluids as well in the case of C տ 50. Due to formal similarity of the model equation (38) with the model equation solved in Ref. 4 , we can directly apply the method of derivation of an approximate solution in this paper for our purpose. The approximate solution is given by
If DB 2 is not large, both terms in the argument of the hyperbolic tangent of the solution (60) are comparable; 4 then we can simplify this solution 
IV. COMPARISON OF APPROXIMATE AND NUMERICAL SOLUTIONS
The derived second-harmonics amplitude (56) and the second-harmonics amplitude (52), which was presented in Ref. 5 Fig. 8 . Again, we can observe very good agreement between the derived solution and the numerical one; both of the solutions almost coincide.
V. CONCLUSION
In this paper, we have derived the model equation that describes finite-amplitude standing waves in a cylindrical resonator with a general frequency-dependent impedance termination. The model equation is relatively complex and can be used for a number of both practical and theoretical purposes. We employed this equation for one of the possible cases of its use, which is interesting mainly from a theoretical point of view. We considered a resonator that is terminated with a second-harmonics absorber. This issue has been addressed in Ref. 5 where a steady-state approximate solution of Eq. (38) for a perfect fluid was presented. We found two solutions; whereas one of them corresponds to the solution mentioned in Ref. 5 , our solution is much more accurate as it was shown in comparison with numerical solutions of the corresponding model equation.
The first solution follows from the assumption that the selective-absorption coefficient for the second-harmonics D is sufficiently large. The second approximate solution was derived for the case that the selective-absorption coefficient D is, on the contrary, small. In addition, both the solutions were improved by taking into account thermo-viscous losses. As mentioned above, the solutions were compared with the numerical ones. The comparison confirms their applicability for description of the resulting nonlinear standing waves.
